Effect of Forming Stresses
On the Strength of Curved Laminated Beams

Of Loblolly Pine

George E. Woodson and Frederick F. Wangaard

AMINATED WOOD has an outstanding advantage over sawn
Ltimbct in that it can easily be adapted to the produc-

tion of curved structural forms. Current design practice
(1), however, imposes rather severe restrictions on the
ratio of lamination thickness to radius of curvature
(#/R.) One of these limitations is that #/R shall not
exceed 1/100 for hardwoods and southern pine or 1/125
for other softwoods. Another is that for the curved
portion of structural members, the allowable unit stress
in bending must be modified by multiplication by a
curvature-stress factor:'

1 - 2000 (#/R)?
where ¢t = thickness of individual lamination
R = radius of curvature

These limitations are based on recognition of the fact
that stresses of considerable magnitude are developed in
bending individual laminae in the laminating process
and that these stresses increase as the ratio of lamination
thickness to radius of curvature increases. For certain
species these limitations have been shown to be unneces-
sarily restrictive with respect to the maximum #/R ratio
for thin laminations of clear wood, and the reduction
formula developed by Wilson (9) at the U.S. Forest
Products Laboratory, Madison, Wis., has been shown
to be conservative for the curvature-stress factor at the
higher #/R ratios (4, 5).

Work by Kostukevich and Wangaard (5) and others
(6, 7, 8) indicates that the response to pre-stress varies
considerably among different species and also that the
direction of loading, i.e., whether the bending moment
increases or decreases the radius of curvature, has an
effect. The latter effect might be anticipated, as convex
loading (increasing radius) acts to reverse the prestress
in the outermost fibers, whereas concave loading (de-
creasing radius) has an additive effect. The response is

'Ratio of curved-beam to that of a matched
straight beam that has not been subjected to pre-stress.
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Abstract

Curvature-stress factors reflecting the effect of forming
stresses in producing curved beams of thin vertical-grain
laminations of clear wood have been determined for loblol-
ly pine. Strength retention of curved beams decreases with
increasing severity of curvature but not to the degree sug-
gested by the Wilson equation commonly used in design.
Curved beams loaded on the convex face (stresses re-
versed) are stronger than beams loaded on the concave
face (stresses additive) and curvature-stress factors ap-
plicable to these two conditions are recommended. Wood
quality characteristics favoring higher retention of curved-
beam strength are suggested.
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also different when considering different levels of stress
:uﬂ as that measured at proportional limit or maximum
oad. .
’ Objectives

The primary purpose of this study was to denve
curvature-stress factors for thin vertical-grain laminations
of clear wood of loblolly pine (Pinws taeda) at various
degrees of curvature, and also to determine the influence
of recognizable qualities of southern pine on ‘curvature-
stress factor. Density, rate of growth, stiffness, and other
properties were used as indices of wood quality.
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Figure 1. — Distribution of curvature-stress factors for individuoi

concove beams at different t/R ratios.
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Table 1. — THICKNESS AND NUMBER OFf LAMINAE AND TOTAL
BEAM DEPTH CORRESPONDING TO VARIOUS ¢/R RATIOS.
(ALL BEAMS FORMED TO A UNIFORM INNER
RADIUS OF 40 IN.)

Individual lamination No. of Total beam t/R rotio fer
thickness (la.) lominae dopth (in.) curved beams
0.222 ]
19
333 [ 3 1.9% 1
120
500 4 2.000 1
]

Preparation of Material

This study was concerned with laminating matched
sets of straight and curved beams at ¢/R ratios of 1/180,
1/120, and 1/80° and testing them in static bending,
loading one curved beam in each set on the convex face
and another on the concave face. Four sets of beams (a
set consisting of one straight, one concave., and one
convex-loaded beam) were tested at each #/R ratio for
three density classes employing a broad range of stiff-
nesses in cach density class.

One hundred and eight defect-free beams were made
up having material of uniform -density and stiffness
throughout their depth. Another 12 beams, also free
from defect, were fabricated with a density and stiffness
gradient (high density and stiffness in the outer lamina-
tions, low density and stiffness in the interior laminae)
making a total of 120 beams. The beams having a density
and stiffness gradient were included in the final analysis
since the results showed no marked difference in
curvature-stress factor,

Table 1 shows the thickness and aumber of individual
laminations corresponding to the #/R ratios used in the
study.

Material for the study consisted of partially seasoned
flat-sawn loblolly pine from Louisians in the form of 3-
by 6-inch planks 12 feet in length. Care was taken in
selection of material to use only clear straight-grained
cuttings. The material contained considerable amounts
of blue stain that apparently developed in transit and
it was impossible to climinate this discoloration
from all cuttings, but close examination of the beams
after failure gave no indication that blue stain had in any
way affected their strength properties.

Following a preliminary separation into three density
classes, the flatsawn planks were ripped oversize into
vertical-grain laminae according to the assigned ¢/R ratio.
Laminae were matched in either the lengthwise or edge-
wise direction and only adjacent pieces were used as
matched material. Rough stock for the straight-beam
assemblies was cut to 33-inch lengths and curved-beam
stock was trimmed to 45-inch lengths. All laminac were
2-1/2-inches wide. Following rough cutting all the

"Ratios obtained by varying the thickness of lamination at
a constant bending radius: of 40 inches.
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laminating stock was brought to moisture equilibrium
in a humidity-controlled room maintained at 12 percent
equilibrium conditions.

Upon attainment of constant weight each lamination
was edged to 2-inch width and planed to 0.050 inch
greater than its final thickness.
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Figure 2. — Distribution of curvaturestress focters fer individual
convex beams ot different t/R raties.
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Measurement of Stiffness

Stiffness was used as 2 means of classifying the lami-
nating stock. One lamination from each matched set of
three (intended for incorporation in straight, concave-
and convex-loaded beams, respectively) was tested for
stiffness. A preliminary check showed fair uniformity
throughout a set matched in this way. The measuring
apparatus consisted of a jig with a 40-inch span across
which the individual lamination was placed. A zero
deflection reading was taken and then a bag of lead shot
of known weight was center-loaded on the piece. Mea-
surement of the instantancous deflection under a load
well within proportional limit gave a reasonable estimate
of modulus of elasticity.

Toble 2. — CURVATURE-STRESS FACTOR FOR INDIVIDUAL
BEAMS OF LOBLOLLY PINE.

Concave-loaded Beams ConvexJdoaded Beams

Straight Offset Offset
Beam No. MR FSPL Stress MR FSPL Stress
1 [ ¥, ] a0 098 0.2 0.7
4 o — 117 F i )
7 0 48 Li10 72 26
10 R 42 ” K, ] 53
13 - J4 1.08 8 A8
14 1.10 K .18 29 2
19 Je r ) n &7 J4
22 I J7 1.06 66 ”
s 1.00 23 113 29 96
28 ” 76 ” 4 4
N .6 Je 58 o4 r_J
34 29 43 9 J4 s
- v4 0.86 064 0.93 o.79 086
L] n J4 ” 2 54
43 27 J4 99 1.08 1.04
46 95 90 1.13 1.12 1.06
49 A8 77 1.10 % ”
52 9”2 A3 7 28 4
58 R4 20 1.04 1.07 ”
58 80 39 116 1.14 1.2
(3] 24 63 1.1 1.08 1.08
[ ] 25 E- 1.01 27 4
&7 25 J6 1.06 4 28
70 ” 68 1.08 J2 53
7 1.0 E ) 1.0 Je 0
x-10 89 74 R .2 34
x-13 ” J3 1.04 28 ”
%16 ” 73 96 74 n
73 0.87 0.74 0.9 0.9 0.4
76 9”3 J2 1.12 1.02 ”
79 9”9 50 1.06 1.03 ”
82 3 J4 1.04 1.00 ”
L 22 49 1.00 1.01 1.0
88 K _J Jo 2% R 2 90
L] 1.09 J7 134 1.06 106
97 N &6 9% 7 80
100 ” J4 . 1.03 .7
103 1.0 n 1.21 1.08 1.06
106 .98 J2 1.09 1.03 1.08
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Fabrication of Beams 7

Immediately before gluing, each lamination was planed
to final thickness. A room-temperature setting phenol-
resorcinol-formaldehyde adhesive (Penacolite G-4422)°
designed specifically for softwood lumber laminating
was used, Manufacturer’s. recommendations were fol-
lowed in using, the adhesive. Pressure of approximately
150 psi was applied to the lowrdensity material whereas
200 psi was used with the higher density assemblies.
Pressure was applied to the straight beam assemblies by
means of a jack-screw press with the aid of a calibrated
torque wrench. Curved-beam pressure was applied with
bar clamps until an equivalent “squeeze-out” of adhesive
was observed. This practice proved to be successful since
no glue-line failures were observed throughout the test.
ing of all beams. The beam assemblies remained under

Table 3. — INDEPENDENT VARIABLES USED IN REGRESSION
ANALYSIS. (ALL VARIABLES REPRESENT STRAIGHT-BEAM

PROPERTIES).

T —— Ratio of thickness of individeal laminos
to radivs of curvature.

P x 10° ——— Strain ot proportional limit (fiber stress
at proportional limit/ modulus of elasti-
city).

/W = Ring width (in.).

wW/R) x 10* — Work to maximum lood (indb/ev.
in.)/ modulus of rupture.

Ex107? —— Modulus of elasticity.

] -  Effoctive specific gravity.

rs/n —— Fiber stress at proportional limit/ moduies
of rupture.

S0 x 10° — Departure strain (strain at maximum lead
mines ratio of medulus of rupture over
modelus of elasticity).

(8/D) x 102 —— Modulus of elasticity/effective specific
grovity.

t/RxD ~—  Cross product.

t/R x PS/R ——— Cross product.

t/RxEx10"? ws  Cross product.

t/R x P x 10 = Gross product,

t/R x 3D x 10° = Cross product.

tRx (W/R)x 100 —

Cross product.

pressure overnight at room temperature and were then
replaced in the humidity-controlled room maintained
at 12 percent equilibrium moisture content conditions.
All beams were conditioned for 3-4 weeks before testing.
Testing Procedure

Following the conditioning period, the excess glue was
scraped off and the beams trimmed to an appropriate
length for testing over a 28-inch span. All beams were
tested in general conformance to ASTM Standards (2)
for center-loaded beams. Loads were applied by means
of a Baldwin hydraulic testing machine. Rate of platen
travel was 0.10 inch per minute with deflection measured
at midspan to the nearest 0.001 inch and load to the

’Acknowledgement is made to Koppers Co., Inc., Pitts-
burgh, Pa. for supplying the adhesive used in this study.
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Figure 3. — Effect of t/R on strength of concavedoaded curved
beams (ST, stroight beams; CA, concave beams).
A. Modulus of rupture,
8. Fiber stress at proportional limit.
C. Offset strens.

nearest 10 pounds. In the case of the straight beams, de-
flection measurements were taken to failure.

Immediately following static bending, two cross-sec-
tional samples were removed from each beam near the
point of failure. Moisture content was determined on one
sample and expressed as the average for the entire cross
section. Individual laminations were separated by sawing
the other sample along the glue lines, and specific gravity
determinations based on ovendry weight and ovendry
volume were made on each individual lamination. Effec-
tive specific gravity was expressed according to the
method outlined by Finnorn and Rapavi (3):

G I )

G=-——-—-

where G = effective specific gravity of the beam.

Gi = average specific gravity as determined for
each pair of laminae equidistant from the
neutral axis.

Ii = moment of inertia of each of the above
pairs of laminae.

I = bl = moment of inertia of beam.
12
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Table 4. — MULTIPLE-REGRESSION EQUATIONS FOR STRAIONT LAMINATED BEAMS (PSI).!

———

Significonce Standerd
lndivideal Cumulative orver of
Equatien Overell by voriable by regression R® residuol
wo. Variables Coefficients Flost ™ tost cosfficient (X 100) pai
Modules of Rupture
a —593
1 ex10? by 314 651" 0.900
] b 1374) 167.41** 589 950 0% 734
° 3437
2 ex10°? t Y 5329 157.20** 12.54** 900 1% 1014
] —1622
3 ] n 15448 138.10** 11.75* 288 79% 1068
Fibor § -t P tienel Limit
- —~— 006
4 Ex10™3 [ N 1.810 4,96 0.066
D by 6343 79.98** 3.59** 903 2% 558
e 1054
5 xi0™? [ 3} 2.920 111,24 10.55¢° 066 75% 638
- —139
& -] [ ) 13090 82.62* 9.09¢" 53 7% 710
Oftset Stress
e —335
Ex10~? b 2.867 8.25** 0.92¢
1] by 6890 168.66°° 430" 930 2°0% 528
] 1686
Ext0~? b 3.968 224.58** 14.99** 926 %% 431
- —1274
 J [+ b 17577 95.67* 9.78** 849 T2% 886

P Equations of the form Y =& + by 3 + e xa
**  highly significant et 1% level.

Strength and stiffness (stiffness only in the case of
straight beams) were calculated by standard equations
(5).

A problem was encountered in selecting the propor-
tional limit from the load-deflection curves particularly
in the case of curved beams. Departure from the modulus
line was typically very gradual, making it difficult to
choose a meaningful proportional limit. Another method
was consequently used to avoid this difficulty, still
measuring a meaningful stress in the neighborhood of
proportional limit. This stress value, designated as
“offset stress,” was obtained by drawing 2 line parallel
to the straight-line portion of the load-deflection dia-
gram and offset from it by 0.020 inch deflection (equiva-
lent to .03 percent unit strain). The load at which this
line intersected the load-deflection curve was called the
offset load and “offset stress” was calculated using the
standard flexure formula.

Curvature-stress factor was expressed as the ratio of
curved-beam strength to the matched straight-beam
strength after adjusting for differences in effective
specific gravity. In most cases the adjustments were small
indicating that matching in terms of specific gravity was
fairly good.

All but 12 beams were fabricated with all laminae in a
set of straight, concave, and convex beams of approxi-

FOREST PRODUCTS JOURNAL Vol 19 No.3

mately the same stiffness and density. The straight beams
in this group averaged 0.58(0.46-.76) in effective specific
gravity, 6,230 psi (4,030-9,040) in fiber stress at propor-
tional limit, 13,350 psi (8,280-18,770) in modulus of
rupture, 9,020 psi (5,890-13,260) in offset stress, and
1,840,000 psi (840,000-2,660,000) in modulus of elastici-
ty. Variation within the species was well represented.
The 12 beams assembled with stiffness and density gradi-
ents from outer to inner laminae with higher stiffness
and density in the outer laminae ranged in modulus of
elasticity from approximately 3,000,000 psi in the face
laminae to approximately 1,000,000 in the innermost
laminae. The effective modulus of elasticity for the
straight beams in this group ranged from 2,190,000 psi to
2,320,000 psi.

Table 2 gives the curvature-stress factors calculated for
cach curved beam. A check on the beams with a stiffness
gradient (nos. X-7 to X-16) showed them to be within
the range of values for curvature-stress factor in similarly
loaded beams without such a gradient. This similarity
was the basis for retaining these 12 beams in the analysis
assuming that the observed stiffness gradients had no
effect on curvature-stress factor.

Figures 1 and 2 illustrate the distribution of curvature-
stress factors for individual beams at each #/R ratio.
Figure 1 shows the distribution for modulus of rupture,
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fiber stress at proportional limit, and offset stress for
concave-loaded beams. The same properties are shown
for convex-loaded beams in Figure 2. The curve of the
Wilson equation is included in each figure as a2 means of
comparing these data with the currently used reduction
equation.

The data presented in Figures 1 and 2 show that the
effect of increasing ¢/ R is not so pronounced as suggested
by the Wilson equation, and that convex-loaded curved
beams retain greater strength than concave-loaded beams
of comparable quality.

Regression Analysis of Results

The data were treated in two separate analyses.
Multiple-regression analysis was first conducted using
psi values for both straight and curved beams to deter-
mine the effects of #/R and quality parameters on actual
beam strength. The second analysis was based on
curvature-stress factors from Table 2. The first analysis

will be referred to as the “Psi Method” and the second
as the “Ratio Method.” All computations were carried
out by means of an IBM 7090-7094 computer employing
a standard program for multiple regression.

Psi Method

Multiple-regression analysis was first used to predict
the strength of curved and straight beams. Fifteen in-
dependent variables (eight quality variables obtained
from the straight beams, ¢/R, and six cross products
involving ¢/R and certain quality variables as shown in
Table 3) were used in the original predicition of in-
dividual beam strength. Most of these variables could be
left out of the prediction equation without losing signifi-
cance. Dropping out those variables that contributed the
least in accounting for strength variation, final predic-
tion equations were obtained containing only two to
four variables. Tables 4, 5, and 6 include the final equa-
tions for the prediction of the strength of straight,

Table 5. — MULTIPLE-REGRESSION EQUATIONS FOR CONCAVELOADED CURVED BEAMS (PSI).

—_—

Significance

Standard
Individual Cumulative error of
Equation Overall by variable by regression R? residual
no. Variables Coefficients F-test il T coafficient (X 100) psi
e —.s
10 t/r b, —25931 0483 0.041
Ex10°° b 1.617 2.51* 203
D [N 17663 56.23** 6.16** e 3% 874
e 4193
1" 7] b —79238 1.04 04
Ex10-? b 4.683 N.see 797 203 “% 1253
L] ~13n
12 /R b, —241 042 K}
D by 23218 70.55¢ 11.86** 895 0% 28
Fiber Stress at Propertional Limit
e ~—3954
t/R [N 7503 0.234 0.170
Px10° b 1139 3.67° 262
Ex10°° ™ 2.083 431 874
D b 1182 27.07** 594 78 T76% 478
e 540
14 /R » 37958 100 aro
Ex10°3 b 1.978 23.99** 6.75** 760 8% 624
L] =N
15 /e n 69486 1.93 170
D b €07 27.96** 7.30** T84 1% 596
Offset Stress
e —2742
16 /R [ —100342 2.31* 0.106
sPx10° b2 1078 254" 162
Ex107° n 2501 3.99** 273
D by 4109 28.88*" 1.52 382 78% 649
L] 2300
1R ) ~—80745 1.64 106
Ex10~? be 2918 29.79** 7.65** T4 63% 813
e —433
o/r b —34179 0.737 106
D be 13400 35.60°" .37 819 7% 767

*  significont ot 5% level.
"* Nghly significant ot 1% level.
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concave-, and convex-loaded beams, respectively. The
variables used are indentified in Table 3.

The results obtained from the “‘Psi method” are shown
graphically in Figures 3 and 4.

Modulus of Rupiure (Concave-loaded)

Figure 3,A, derived from Equations 1 and 10 (Tables
4 and 5), involves modulus of elasticity (E) and effective
specific gravity (D) for straight beams, and ¢/R in ad-
dition to E and D for concave-loaded beams. The lines
were plotted by varying #/R and holding the other inde-
pendent variables at their mean values. These mean
values were 1,911,000 psi for E and 0.60 for D. The
broken line for concave (CA) beams indicates that ¢/R
did not show a significant effect on modulus of rupture
even though the equation was highly significant and
accounted for 83 percent of the total variation in curved-
beam strength. Throughout this paper a broken line will
be used to represent a non-significant relationship with
t/R.

Equations 2 and 11 relate both straight- and concave-
beam strength to modulus of elasticity. Equations 3 and
12 similarly relate beam strength to density. The de-
pendence of modulus of rupture of both curved and
straight beams on E and D is clearly shown in these
equations. Nonsignificant trends were shown with s/R
even though the equations were highly significant and
accounted for 64 and 80 percent of the total variation in
curved-beam strength, respectively.

Fiber Stress at Proportional Limit (Concave-loaded)

Figure 3B represents Equations 4 and 13 (Tables 4
and 5) and shows a nonsignificant trend with #/R in
the curve for concave beams. In plotting these curves,
E, D, and strain at proportional limit (SP) were held at
their mean values. The mean value for SP was 0.00338.
The broken line is essentially horizontal and indicates no
effect of /R on the strength of concave beams at this
level of stress.

Equations 5 and 14 show the effect of E and Equations
6 and 13 show the effect of density on proportional limit

Table 6. — MULTIPLE-REGRESSION EQUATIONS FOR CONVEX-LOADED CURVED BEAMS (PSI).

Significanes

Standard
Individual Cumulative error of
Equation Overoll by variable by regression R® residual
no. Yariables Coafficients Fe:t T et coefficient (X 100) psi
e — 1216
19 t/m b —66893 0.989 0.145
Ex10°? [ 1.338 173 J74
D [ ™ 22507 49.85** 817 899 1% 1141
L 5808
20 t/e | ™ ~—112691 1.18 148
Ex107? b 4914 26.97** 721 J74 0% 164
e — 1741
n R b —58812 846 148
D [ ™ 27521 68.04** 11.501** 889 7% 1174
Fiber Stress at Proportional Limit
a 1027
n o/R [ —113213 2.3¢° 0.316
Ex10~? [N 1.048 213 J43
D e 6133 19.27°** 2.57* 789 62% 745
[ ] 2941
3 rin b —125693 2.66* 36
Ex10°? n 2022 22.14°* 6.02** 743 58% 01
L] (1)
24 t/m [ — 106885 2331 316
D " 10059 24.29** 633** 787 57% 781
Offset Stress
a 901
28 t/m by — 152784 3.13° 0328
Ex107? by 1.088% 2.00* J83
D by 11297 34.30** 4.29** 064 75% 2 -]
'] 4428
26 t/r | N —175TN 297+ 8
Ex10°? b 2.800 2849 685 783 1% 1002
e 478
7 tin n — 146232 288 F
D L 15342 45.64°* 8.8)* 047 72% 837
*  significant ot 3% level.
' highly significant ot 190 lowel.
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Table 7. — CORRELATIONS BETWEEN INDEPENDENT VARIABLES USED FOR ESTIMATING
CURVATURE-STRESS FACTORS FOR CURVED BEAMS.!

t/R SPx10° RW, W/Rrx10* Ex10~3 D FS/R SDx10° E/Dx1073
e 1.000 0.255 —0.158 0.022 0.026 —0.066 0.363 o.0n 0.108
$Px10° 1.000 170 247 —.352 062 492 040 —.620
RW. 1.000 161 —.454 —.247 —.220 146 — 497
W/ rx10* R 1.000 —.131 074 --.190 915 —.292
Ex107* 1.000 .252 —.079 729
D 183 022 130
SR 1.000 —.202 .198
so0° 1.000 —.155
gox0-> 1.000

'To be significant at the 1 and 5% probability levels, correlation coefficients must be greater thon 0418 ond 0.325, respectively.

strength. The strength of both straight and curved beams
was positively influenced by E and D.

Offset Stress (Concave-loaded)

Figure 3,C represents Equations 7 and 16 (Tables 4
and 5) with all variables except ¢#/R held at their means.
Equation 16 indicates that ¢/ R had a significant effect on
the strength of curved beams after the variation due to
the other three variables was taken out. However, #/R
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Figure 4. — Efect of t/R on strength of convexdoaded curved
beams (ST, straight beams; CX, convex beams).
A. Modulvs of rupture.
8. Fiber stress ot proportional limit.
C.  Offset stress.

was not significant when used only with E (Equation 17)
or with D (Equation 18).

Modulus of Rupture (Convex-loaded)

Figure 4,A illustrates Equations 1 and 19 when E and
D are held at their mean values and #/R is varied. No
significant effect of ¢/R was found at the level of
modulus of rupture for convex beams, but the interesting
thing about this graph is that the convex beams at
modulus of rupture were stronger than the straight
beams over the entire range of #/R.

Again the positive effects of E and D on the strength
of both straight and curved beams are clear from Equa-
tions 2 and 20 and 3 and 21, respectively.

Fiber Stress at Proportional Limit (Convex-loaded)

Figure 4,B, derived from Equations 4 and 22 (with E
and D held at their mean values), illustrates a significant
trend with #/R for convex beams at this level of stress.
The curve for convex beams lies below the line for
straight beams showing that FSPL is more sensitive than
modulus of rupture to increasing pre-stress as indicated
by increasing #/R.

Equations 5 and 23 illustrate the positive effect of
modulus of elasticity on strength of straight and convex
beams at this level of stress. Equations 6 and 24 show a
similar positive effect of density.

Offset Stress (Convex-loaded)

Equations 7 and 25 are shown graphically in Figure
4,C based on mean values for E and D. The solid line
(CX) indicates a significant trend of decreasing curved-
beam strength with increasing ¢/R.

Positive effects on straight and curved beam strength
are shown by E and D in Equations 8 and 26 and in
Equations 9 and 27, respectively. High E and D favor
high strength beams, both straight and curved.

Prediction of Curved and Straight Beam Strength

The final multiple-regression equations appearing in
Tables 4, 5, and 6 were highly significant and, with the
exception of Equation 22, accounted for more than 75
percent of the total variation in the strength properties
of straight and curved beams. The high degree of ac-
countability of E and D for straight-beam properties
(82-90 percent) and the low standard error of residuals
are of interest from the standpoint of non-destructive
testing.
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For each level of stress, equations for straight beams
are shown in Table 4 based on modulus of elasticity alone
and on density alone. Equations for curved beams
(Tables 5 and 6), involving ¢/R together with modulus
of elasticity and #/R together with density, are also
shown for each level of stress. Combined with #/R, den-
sity is the better predictor for curved-beam strength at
every level of stress. The higher R* values indicate that
more variation was accounted for by density than by
modulus of elasticity. The opposite was true in the case
of straight beams. Modulus of elasticity in simple re-
gressions accounted for more variation in straight-beam
strength than did density.

Ratio Method

In the ratio method the data were analyzed directly as
ratios of curved-to straight-beam strength (curvature-
stress factors) instead of as strength values. The 15 vari-
ables shown in Table 3 were also used in this analysis
and, as in the psi method, variables that contributed the
least in accounting for variation were dropped from
the final multiple-regression equations. Some of the
“independent” variables used to predict curvature-stress
factor were correlated with one another as shown in
Table 7. When such correlations exist, it is not possible.
to isolate the independent influence of an individual
variable by holding the other variables in the equation
constant. What can be shown by this procedure is the
“added” effect of any one variable after the effect of the
other variables in the equation has been considered.

Toble 8. — MULTIPLE REGRESSION EQUATIONS FOR CURVATURE-STRESS FACTOR FOR CONCAVE BEAMS.'

The more meaningful results of the analysis by the
ratio method are shown in Tables 8 and 9 and in Figures
5-6. The tables include the constants and coefficients for
the final prediction equations for concave- and convex-
loaded beams. The level of significance and the standard
error of the residual are shown for each equation. The.
significance of the contribution of individual variables in
combination with other specified variables is shown by
the conventional “t” test, which evaluates the variable
considered as the final term in the regression equation;
ie., after the variation due to the other variables has
been taken out.

From Tables 8 and 9 several variables were significant
by the “t’-test. In the following discussion the added
effect of variables shown to be significant is considered
when the other variables are held at their mean values.

Modulus of Rupture (Concave-loaded)

Equation 28 in Table 8 is shown graphically in Figure
s,A. Each variable except #/R was held at its mean and
1/ R was allowed to vary. The mean for each independent
variable is shown in Table 8. The broken line indicates
that the effect of #/R was not significant. (See also Fig.
3,A.) Although the overall regression was significant at
the 5 percent level, it accounted for only 31.4 percent
of the total variation in curvature-stress factor. The
quality of the prediction is, however, indicated by the
low value of 0.066 for the standard error of residual. The
predicted curvature-stress factor for modulus of rupture
of convex-loaded beams is within +0.066 of the actual
value in two beams out of three. The Wilson equation is
also shown in Figure 5,A to permit comparing the

Equa-

Individual

Vari- Overrall Cumulative
tion ables Items Coefficients rogres- variables regression R* Standard
no. sion by by “t" test coefficient (x100) etror of
Ftest R residual
a
28 1 t/R b (7 0.196
2 $Dx10° [ 2,02+ g =1
3 (27] ] bs 1.98 404
4 RW. b 0.94 479
5 (8/Dxx107? bs 2.00* 561 31.4%
L] 0.801
29 1 R by —4TNY 0.425 0.075
2 sox10° by 00710 705 182
3 E/Dx1072 by —3.06x10°° 898 235
4 t/RxD b 5974 510 33 241 $.8%
Offset Stress
e 1.140
30 1 t/r b —1004 2.17* 0.324
2 $Px10° by 1528 217 385
3 $Dx10° b 0.0204 2.06* 453
4 (27] ] be 149 2.99** 487
] E/Dx1072 bs —1679x10°* 434 2.99% 636 40.4% oon
1 Meon veolves for independent varicbles were as follows: SD, 0.00441; FS/R, 0.471; R. W., 0.19; E/D, 3,202,000; SP, 0.00338; D, 0.60.

*  significant at 5% level.
**  highly significant ot 1% level.
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Table 9. — MULTIPLE-REGRESSION EQUATIONS FOR CURVATURE-STRESS FACTOR FOR CONVEX BEAMS!

Signaificonce
Equa- Vari- items Coefficients Overall individual [ I R* Stondard
tion ables regres- variables tive re- {x100) error of
no ston by by ¥ fest gression residual
Fest cooffi-
cient R
Modulus of Rupture
a 1.902
N 1 /R b —28.717 1.51 0212
2 E/Dx10°? b —1.35x10"¢ 4.22** 450
3 sox10° by 0.02425 0.982 612
4 W/Rx10* be -—.05817 2.28* 678
L t/RxFS/R b; 44.108 6.16** 1.22 .698 48.3% 0.078
Fiber Stress at Proportional Limit
o 1.193
32 1 t/R b —27.900 4.97** 0.60%
2 E/Dx1072 b 4418x10°° 0.100 627
3 W/Rx10* b —.02388 2.08* 670
4 /W, by 0.688 10.81+* 2.93* 748 56.0% 0.095
Offset Stress
a ~1.955
2 1 /R b —16469 3.30%* 0.512
2 Ex1073 b —1.617x1073 3.46** 564
3 D bs 5.266 3.48** 618
a E/Dx1072 b 8.93x10"* 3.18** 675
RW. bs 0.558 7.45** 2.28* 728 53.0% 0.082

! Mean values for ind
D, 0.59.

*  Significant ot 5% level.

**  highly significant at 1% level.

regression line fitted to the data from this study to the
curve currently used in design. The Wilson formula lies
well below the regression at the higher #/R ratios.

The negative influences (—)* of departure strain (SD)
and of E/D on curvature-stress factor were significant
as shown in Equation 28.

Fiber Stress at Proportional Limit ( Concave-loaded)

Figure 5,B, derived from Equation 29 with /R varied
and all other variables at their means, shows a nonsignifi-
cant effect of #/R at proportional limit. (See also Fig.
3,B.) The overall regression equation was also non-
significant. Although only a small part of the variation
was accounted for, the standard error of residual was
only 0.074. Two-thirds of the time, the prediction given
by this equation is within +0.074 of the actual curvature-
stress factor. Curvature-stress factor at the level of pro-
portional limit is overestimated by the Wilson equation
except at the most severe curvature.

Offset Stress (Concave-loaded)

Offset stress is a level of stress somewhat higher than
fiber stress at proportional limit. This level of stress is
proposed as a substitute for proportional limit stress in
curved beams since, as previously mentioned, the actual

‘Positive and negative slopes of the regression lines are in-
dicated by (+) and (-), respectively.

pendent variables were as follows: E/D, 3,164,000; SD, 0.00436; W/R, 0.000846; FS/R, 0.472; R. W, 0.20; E, 1,884,000,

proportional limit is very difficult to define due to the
gradual departure of deflection from linearity with in-
creasing load. This level of stress should be given
more weight than fiber stress at proportional limit in
evaluating the effect of curvature on strength retention
in curved beams.

Equation 30 was used to plot Figure 5,C holding each
variable at its mean and varying #/R. The significant re-
gression line (See also Fig. 3,C) lies below the Wilson
equation at milder curvatures but crosses over and lies
slightly above it at the most severe curvature, indicating
the slope of the Wilson equation to be too steep. The
overall regression is significant at the 1 percent level and
each independent variable is significant by the “t”-test.
Variation accounted for by the regression was 40.4 per-
cent of the total and the standard error of residual was
0.071.

Equation 30 also shows the influence of other signifi-
cant variables. Curvature-stress factor decreases with
increasing strain at proportional limit (SP) whereas
increasing departure strain (SD) and FS/R result in an
increase in curvature-stress factor at this level of stress. A
low E/D ratio is also favorable in terms of curvature-
stress factor.

It should be noted from Table 7 that SP is itself cor-
related with FS/R (+) and E/D (—) and consequently
that the “added” effects indicated by the signs of the
coefficients in Equation 30 are applicable only to this
combination of variables.

MARCH 1969



Modulus of Rupture (Convex-loaded)

Equation 31 is illustrated in Figure 6,A with ¢/R
varied and other variables held at their means. Mean
values of the independent variables are shown in Table
9. The overall regression was highly significant but ¢/R
failed to show a significant trend. (See also Fig. 4,A.) It
is obvious from the graph that the Wilson equation is
much too conservative for convex beams at modulus of
rupture over the entire range of ¢/R. The standard error
of residual (Table 9) is 0.075 and the regression ac-
counted for 48.3 percent of the total variation.

This equation also shows the influence of E/D (-)
ind work to maximum load/modulus of rupture (-—)
on curvature-stress factor at the level of modulus of
rupture. Both of these variables were significant.

Fiber Stress at Proportional Limit (Convex-loaded )

Figure 6,B is based on Equation 32 and shows a sig-
nificant effect (—) of ¢/R. (See also Fig. 4,B.) This equa-
tion predicts curvature-stress factors for convex-beams at
fiber stress at proportional limit with a standard error
of +0.095. The regression accounted for 56 percent of
the total variation. The Wilson equation lies well below
the regression line for this level of stress throughout the
entire //R range.

Equation 32 shows that more elastic material with a
low ratio of W’ /R is favorable for strength retention and
also indicates increasing strength retention with increas-
ing ring width (RW.)

Offset Stress (Convex-loaded) :

Figure 6,C, derived from Equation 33, shows the
Wilson equation curve to lie well below and to have a
greater slope than the regression line for convex beams
at this level of stress throughout the range of ¢/R. The
regression was highly significant and accounted for 53
percent of the total variation. (See also Fig. 4,C.) The
quality of the prediction equation is shown by the stand-
ard error of residual of 0.082. All variables in Equation
33 were significant by the “t”-test and the coefficients in
this equation show the effects on strength retention of
modulus of elasticity (—), density (4), and ring width
(+) in this particular combination of variables. Equa-
tions, such as Equation 33, containing correlated variables
have been treated as though none of the variables were
correlated. When the “t’-test indicated variables to be
significant, even after the variation had been taken out
for some correlated variable, it seemed reasonable to
show this effect.

Summary and Conclusions

The results of this study furnish prediction equations
for the strength of straight and curved beams, made
from clear, thin, vertical-grain laminations of loblolly
pine in terms of actual strength values. Equations are
also given for predicting curvature-stress factors; i.c..
strength retention of curved beams as compared to
matched straight beams, for concave- and convex-loaded
beams.

Curvature-stress factors for individual beams were ob-
tained by two methods. From the equations for predicted
strengths (Psi method), curvature-stress factor was cal-
culated from the ratio of predicted curved-beam strength
to predicted straight-beam strength. In the “Ratio
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method,” predictions of curvature-stress factor were
obtained directly. A comparison of the average residual
between actual and predicted curvature-stress factors for
all curved beams by the two methods showed the *Ratio
method” to be superior in predicting the strength reten-
tion of individual beams. The “Psi method” was never-
theless successful in that it gave very good estimations of
the strength of curved and straight beams that were in-
fluenced predominantly by E and D as shown in the
analysis.

Significant effects of #/R on curvature-stress factor
were shown for concave-loaded beams at the level of off-
set stress and for convex-loaded beams at fiber stress at
proportional limit and offset stress. At the level of
modulus of rupture strength retention of curved beams
appears to be less sensitive to #/R than at the level of
proportional limit.

Expressed as modulus of rupture, the results of this
study indicate that, over & range in #/R from 1/180 to
1/80, curved laminated beams of lobolly pine loaded on
the concave surface are on the average 92 percent as
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Figure 5. — Effect of t/R on sirength refention of
concave-loaded curved beams.
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Figure 6. — Effect of /R on strength retention of
convexdoaded curved beams.

strong as matched straight beams. Convex loaded beams
were on the average about 4 percent strongsr than
matched stcaight beams,

Concave-loaded beams, at the level ol fiber stress at
proportional limit, showed an average cucvature-stress
factor of 0.72. As noted previously, the proportional
limit was very difficult to locate on the load-deflection
curve for concave beams and it is felt that oifsct stress
is more dependable in showing the effet of //R on
these beams. Offset stress showed average curvature-
stress factors of 0.82 and 0.75 at //R ratios i 1180 and
1/80, respectively. At the same //R ratios the Wilson
equation predicts curvature-stress factors of 0.94 and
0.69 and thus appears as a much steeper curve than these
data show.

Convex-loaded beams at FSPL and offset stress showed
significant trends with 7/ R. At the level of FSPL, convex-
loaded beams gave average cuivature-stress factors of
0.99 and 0.79 at ¢/R ratios of 1/180 and 1/80, respec-
tively, and offset stress gave average values of 0.98 and

0.86 at these two ratios. The Wilson equatiar: predicts
values of 0.94 at /R = 1/180 and 0.69 at :/R = 1/80.
Based on the trends with ¢/ R showa by the regression
lines in Figures 5 and 6 and averaging curvathire-stress
factors at the levels of modulus of rupture ard offset
stress, the following curvature factors are suggested as
suitable for thin vertical-grain laminations of clear wood
of loblolly pine in lieu of the Wiison equation values
currently used in design: .

1/180  1/160 1/140 1/120 1/100 1/80

t/R (.00555) (.00625) (.00714) [.00833) (,0100) {.0125)
Concave- B
loaded beams 0.88 0.87 0.86 08s 0.84 08"
Convex-
loaded beams 1.02 1.00 1.00 % R4 94
Wilson
rquation 4 92 .90 86 .80 69

The following wood quality variables, measured from
the straight beams, have been shown in this study to have
significan' effects upon curvature-stress factos for
concave-loaded beams: at modulus of rupture—SD (-)
and E/D (-); at offset stress—SP (— ). $D (+), F§/R
(+), and EfD (-).

Significant effects upon curvature-stress factor for
convex-loaded beams were found in the following: at
modulus of rupture—E/D (—), and W[R (—); at fiber
stress at proportional limit—W /R (—) and RW (+); at
offset stress—E (=), D (+), and RW (+).

The significance of the foregoing variables lies in
their effects in (ombinaticr with other variables as
shown in Tabies 8 and 9. By selecting a favurable com-
bination of these variables, wood qualities characterized
by better than average retention of curv:d-beam strength
car be identified.
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